In this paper, we investigate the sufficient conditions to find a best proximity point for a certain class of non-self mappings. It is well known that optimization problems can be transformed to the problems of the existence of a best proximity point. Hence, improvement in the best proximity point theory implicitly develops the theory of optimization. Our presented results generalize, extent and improve various well-known results on the topic in the literature. In particular, we consider some applications of our results to the best proximity point theorems on a class of metric spaces endowed with an arbitrary binary relation which involves the partially ordered metric spaces.
Introduction and preliminaries
Various nonlinear problems arising in several branches of mathematics, besides some other quantitative sciences such as economics, biology, physics and engineering, can be transformed to a fixed point problem of the form Tx = x for a self-mapping T defined on a subset of the metric space (X, d). Among them, optimization problems, differential equation problems, integral equation problems, variational problems, equilibrium problems have attracted attention of researchers. The renowned Banach contraction principle of Banach [] is a very crucial and popular tool for solving fixed point problems in the setting of a self-mapping T. On the other hand, if T is not a self-mapping (T : A → B where A and B are non-empty subsets of a metric space X), then T does not necessarily have a fixed point. Therefore, the equation Tx = x could have no solution. In this case, it is natural to search for a point x ∈ A in a way that the distance between x and its image Tx is as small as possible. In this discussion, the best approximation theorem plays an important role in studying the existence of an approximate solution that is optimal for the equation Tx = x.
Let A, B be subsets of the metric space (X, d). Under the setting of d(x, Tx) = d(A, B) := inf{d(x, y) : x ∈ A and y ∈ B}, x is called a best proximity point. Notice that the point x ∈ A is the global minimum of the error involved for an approximate solution of the equation http://www.fixedpointtheoryandapplications.com/content/2013/1/323
Inspired by [] , we introduce the class of non-self mappings, generalized α-proximal contraction mappings. Also, we establish the existence theorems for a best proximity point for mappings in this class under the assumptions of approximate compactness and nonapproximate compactness of subspaces. Our presented results generalize, extent and improve various well-known results such as the results of Banach [] , Kannan [] , Chatterjea [], Berinde [] . As an application, we apply our results to the existence theorems for a best proximity point on a metric space endowed with an arbitrary binary relation. Furthermore, we give the special case of these results in partially ordered metric spaces.
Best proximity point theorems for an α-proximal contraction non-self mapping
In the sequel, unless otherwise specified, R and N denote the set of real numbers and the set of positive integers, respectively.
Let A and B be two non-empty subsets of a metric space (X, d). The following notations will be used in the sequel:  such that for all u, v, x, y ∈ A,
Next, we give our first main result which is the best proximity point theorem for a generalized α-proximal contraction. 
Since T is α-proximal admissible, by (.), (.) and (.), we have
Using (.), (.), (.) and the assumption that T is α-proximal admissible, we get
Continuing this process, we can construct a sequence {x n } in A  such that
for all n ∈ N. Since T is a generalized α-proximal contraction of the first kind, for each n ∈ N, we have
for all n ∈ N. It easily follows that for m, n ∈ N such that m < n,
This implies that {x n } is a Cauchy sequence. Now, since X is complete and A is closed, the sequence {x n } converges to some z ∈ A. Further, we have
Since B is approximately compact with respect to A, then the sequence {Tx n } has a subsequence {Tx n k } converging to some element w ∈ B. Therefore, for all n ∈ N. Now, we have
for all n ∈ N. Since T is a generalized α-proximal contraction of the first kind, we get
for all n ∈ N. Taking the limit as n → ∞ in the above inequality, we get z = u.
. Therefore, z is at least one of the best proximity points of T. Finally, we prove the uniqueness of the best proximity point. Assume thatz is another best proximity point of T such that α(z,z) ≥ , then we have
Again, since T is a generalized α-proximal contraction of the first kind, we obtain that
which implies that d(z,z) = , and then z =z. Hence T has a unique best proximity point. This completes the proof. Now we give some examples to support our result.
, ] be two closed subsets of X. It is obtained that B is compact and so B is approximately compact with respect to A. Define a non-self mapping T : A → B by
It is easy to see that
Now we show that T is a generalized α-proximal contraction of the first kind. Assume that u, v, x, y ∈ A such that
.
where θ  , θ  , θ  and L are non-negative real numbers with θ  + θ  + θ  < . This shows that T is a generalized α-proximal contraction of the first kind. Next, we prove that T is α-proximal admissible. Assume that u, v, x, y ∈ A such that
It is easy to see that there exist
Consequently, all the hypotheses of Theorem . are satisfied and so T has at least one best proximity point, that is, a point - such that
. 
Clearly, d(A, B) =  and
, otherwise.
Now we show that T is a generalized α-proximal contraction of the first kind with
This shows that T is a generalized α-proximal contraction of the first kind. Next, we prove that T is α-proximal admissible. Assume that u, v, x, y ∈ A such that 
Consequently, all the hypotheses of Theorem . are satisfied and so T has at least one best proximity point, that is, a point  such that
It is easy to see that Theorem . yields the following corollary.
Corollary . Let (X, d) be a complete metric space, and let A and B be two non-empty, closed subsets of X such that B is approximately compact with respect to A. Assume that A  and B  are non-empty sets and T : A → B satisfies the following conditions:
(a ) There exist non-negative real numbers θ  , θ  , θ  and L with θ  + θ  + θ  <  such that for all u, v, x, y ∈ A,
Then there exists unique z ∈ A  such that d(z, Tz) = d(A, B), that is, T has a unique best proximity point.
Proof By taking α(x, y) =  for all x, y ∈ A in Theorem ., we get this result.
In Corollary ., if T is a self-mapping, then we get the following fixed point theorem. Ty) for all x, y ∈ A, then T has a unique fixed point. http://www.fixedpointtheoryandapplications.com/content/2013/1/323 Next, we give the existence theorem of a best proximity point for a generalized α-proximal contraction of the second kind. 
Corollary . Let (X, d) be a complete metric space, A be a non-empty, closed subset of X and T : A → A. If there exist non-negative real numbers
Proof Following the arguments in Theorem ., we can construct a sequence {x n } in A  such that
for all n ∈ N. Since T is a generalized α-proximal contraction of the second kind, we have
Similar to the proof in Theorem ., we obtain that the sequence {Tx n } is a http://www.fixedpointtheoryandapplications.com/content/2013/1/323
Cauchy sequence in B. Since B is a closed subspace of the complete metric space X, B is complete. Then the sequence {Tx n } converges to someŷ ∈ B. Further, we have
Since A is approximately compact with respect to B, then the sequence {x n } has a subsequence {x n k } converging to some element z ∈ A. Now, using the continuity of T, we obtain that
Finally, we may assume that z  , z  ∈ B est (T) and α(z  , z  ) ≥ . Therefore, we get
Since T is a generalized α-proximal contraction of the second kind, we have
which implies that
It follows from θ  + θ  ∈ [, ) that d(Tz  , Tz  ) =  and hence Tz  = Tz  . This completes the proof.
As a consequence of Theorem ., we state the following corollary. 
Then there exists an element z ∈ B est (T). Further, Tz
Proof By taking α(x, y) =  for all x, y ∈ A in Theorem ., we get this result.
In Corollary ., if T is a self-mapping, then we get the following fixed point theorem.
Corollary . Let (X, d) be a complete metric space, A be a non-empty, closed subset of X, and let T : A → A be a continuous mapping. If there exist non-negative real numbers
for all x, y ∈ A, then T has a unique fixed point.
In the next theorem, we give conditions for the existence of a best proximity point for a non-self mapping that is a generalized α-proximal contraction of the first and second kinds. In this theorem, we consider only a completeness hypothesis without assuming the continuity of the non-self mapping and the approximate compactness of the subspace.
Theorem . Let (X, d) be a complete metric space, and let A and B be two non-empty, closed subsets of X. Assume that α : A × A → [, ∞), A  and B  are non-empty sets and T : A → B is a generalized α-proximal contraction of the first and second kinds such that the following conditions hold:
(a) T is α-proximal admissible; (b) T(A  ) ⊆ B  ; (c) There exist x  , x  ∈ A such that d(x  , Tx  ) = d(A, B) and α(x  , x  ) ≥ ; (d) If {x n } is a sequence in A such that α(x n , x n+ ) ≥  for all n ∈ N and x n → x as n → ∞ for some x ∈ A, then α(x n , x) ≥  for all n ∈ N.
Then there exists an element z ∈ A  such that d(z, Tz) = d(A, B), that is, T has at least one best proximity point. Moreover, if α(z
, then T has a unique best proximity point.
and
for all n ∈ N. http://www.fixedpointtheoryandapplications.com/content/2013/1/323
Also, using similar arguments as in the proof of Theorem ., we conclude that the sequence {x n } is a Cauchy sequence, and hence converges to some z ∈ A. Moreover, on the lines of Theorem ., we obtain that the sequence {Tx n } is a Cauchy sequence and hence converges to someŷ ∈ B. Therefore, we have
From the assumption (d) and (.), we have
for all n ∈ N. Now we have
for all n ∈ N. Using the fact that T is a generalized α-proximal contraction of the first kind, we have
for all n ∈ N. Taking the limit as n → ∞ in the previous inequality, we have
For the uniqueness of a best proximity point of T, we proceed similarly to the proof of Theorem .. Then, in order to avoid repetition, the details are omitted.
Corollary . Let (X, d) be a complete metric space, and let A and B be two non-empty, closed subsets of X. Assume that A  and B  are non-empty sets and T : A → B satisfies the following conditions:
(a ) There exist non-negative real numbers θ  , θ  , θ  and L with θ  + θ  + θ  <  such that for all u, v, x, y ∈ A, 
Then there exists a unique z ∈ A  such that d(z, Tz) = d(A, B), that is, T has a unique best proximity point.
Proof By taking α(x, y) =  for all x, y ∈ A in Theorem ., we get this result.
Best proximity point theorems on a metric space endowed with an arbitrary binary relation
In this section, we apply our results in the previous section (Theorems ., . and .) to the best proximity point theorems on a metric space endowed with an arbitrary binary relation. Moreover, we obtain a special case of these results as corollaries in partially ordered metric spaces. Before presenting our results, we need a few preliminaries. Let (X, d) be a metric space and R be an arbitrary binary relation over X. Denote
this is the symmetric relation attached to R. Clearly,
x, y ∈ X, xSy ⇐⇒ xRy or yRx.
Definition . Let (X, d) be a metric space, let R be a binary relation over X, and let A and B be two non-empty subsets of X. We say that T : A → B is a proximal comparative mapping if
We have the following best proximity point result. 
Theorem . Let (X, d) be a complete metric space, let R be a binary relation over X, and let A and B be two non-empty, closed subsets of X such that B is approximately compact
Sx n+ for all n ∈ N and x n → x as n → ∞ for some x ∈ A, then x n Sx for all n ∈ N.
Then there exists an element z
, that is, T has at least one best proximity point. Moreover, if z  Sz  for all z  , z  ∈ B est (T), then T has a unique best proximity point.
Proof Define the mapping α :
Since T is a proximal comparative mapping, we have xSy,
By the definition of α, we obtain that
This shows that T is α-proximal admissible. From (A ) and the construction of mapping α, we get 
Then there exists an element z ∈ B est (T). Further, Tz
Proof The result follows from Theorem . by considering the mapping α as in the proof of Theorem .. 
Sx n+ for all n ∈ N and x n → x as n → ∞ for some x ∈ A, then x n Sx for all n ∈ N. Proof This result follows from Theorem . by considering the mapping α given in the proof of Theorem ..
Next, we deduce Theorems ., . and . to the special case in the context of partially ordered metric spaces. Before studying the next results, we give the following definitions.
Definition . Let X be a non-empty set. Then (X, d, ) is called a partially ordered metric space if (X, d) is a metric space and (X, ) is a partially ordered set.
For the partially ordered set (X, ), we define := (x, y) ∈ X × X : x y or y x . Definition . Let (X, d, ) be a partially ordered metric space, and let A and B be two non-empty subsets of X. We say that T : A → B is a proximal comparative mapping with respect to if
It is obtained that is a binary operation on X and = ∪ - . Therefore, we get the following best proximity point results in a partially ordered metric space. 
If {x n } is a sequence in A such that x n x n+ for all n ∈ N and x n → x as n → ∞ for some x ∈ A, then x n x for all n ∈ N. 
Then there exists an element z ∈ B est (T 
